The low-energy physics of a superfluid 3 He-B is governed by Nambu-Goldstone bosons resulting from its characteristic symmetry breaking pattern. Here we construct an effective field theory at zero temperature consistent with all available symmetries in curved space, which are the U(1) phase × SU(2)spin × SO(3) orbital gauge invariance and the nonrelativistic general coordinate invariance, up to the next-to-leading order in a derivative expansion. The obtained low-energy effective field theory is capable of reproducing gyromagnetic responses of the superfluid 3 He-B, such as a magnetization generated by a rotation and an orbital angular momentum density generated by a magnetic field, in a model-independent and nonperturbative way. We furthermore show that the stress tensor exhibits a dissipationless Hall viscosity with coefficients uniquely fixed by the orbital angular momentum density, which manifests itself as an elliptical polarization of sound wave with an induced transverse component.
V. Summary and conclusion 10
I. INTRODUCTION
Since its discovery in 1972, the superfluid 3 He has been one of the most fascinating systems in condensed matter physics [1, 2] . Because the Cooper pair condenses in the spin-triplet and p-orbital channel, resulting internal degrees of freedom enrich the phase diagram significantly by making different symmetry breaking patterns possible [3] . Our understanding developed in the superfluid 3 He has contributed extensively to other unconventional superconductivity not only in condensed matter systems [4, 5] but also in dense nuclear matter [6, 7] . Furthermore, various parallels may make the superfluid 3 He serve as an analog simulator of high-energy phenomena [8] .
In spite of such long-standing study, our fascination for the superfluid 3 He never ends. Recently, it has received renewed interest from the perspective of topology [9, 10] . A thin film of the Anderson-Brinkman-Morel state ( 3 He-A) is a prototype of topological superfluids in two dimensions belonging to class D, while the Balian-Werthamer state ( 3 He-B) is a prototype of topological superfluids in three dimensions belonging to class DIII [11] . Emergent surface Andreev bound states in the latter have been probed experimentally, which can be regarded as the celebrated Majorana fermions [12, 13] .
While many fascinating features are exhibited by the superfluid 3 He, its quantitatively reliable analysis is often challenging because the system is strongly correlated. One powerful approach suitable for such strongly correlated superfluids is the effective field theory [14] . When fermions are fully gapped, the low-energy physics of a superfluid is governed by Nambu-Goldstone bosons resulting from spontaneously broken symmetries. Their effective action consists of an infinite number of terms allowed by the symmetries of the system but organized systematically according to a derivative expansion.
In order to exploit all available symmetry constraints, it is advantageous to couple the system with external gauge fields to temporarily promote the global symmetries to their local counterparts. In particular, the Galilean invariance is promoted to the nonrelativistic general coordinate invariance by putting the system in curved space with an external metric [15] . Such an approach proves to be powerful to obtain nontrivial outcomes even in flat space as demonstrated previously for the unitary Fermi gas [15, 16] and for the chiral superfluid in two dimensions [17] . In this paper, we employ the same approach to shed new light on intriguing physics of the superfluid 3 He-B, where a rotation and a magnetic field generate a magnetization and an orbital angular momentum density, respectively, together with a novel Hall viscosity. While the gyromagnetic responses can be understood intuitively by the spin-orbit locking in the superfluid 3 He-B [18] , our predictions resulting from the symmetries alone are model-independent, nonperturbative, and hence quantitatively reliable.
To this end, we first review the symmetries and their spontaneous breaking in the superfluid 3 He-B and discuss how they can be promoted to the local symmetries in curved space in Sec. II. We then construct an effective field theory at zero temperature up to the next-to-leading order in a derivative expansion in Sec. III. Its physical consequences are investigated in Sec. IV and, in particular, we predict the gyromagnetic and Hall responses of the superfluid 3 He-B. Finally, we summarize and conclude this paper in Sec. V and some detailed information is presented in Appendix.
In what follows, we shall set = µ 0 = 1 with µ 0 being the vacuum permeability and employ shorthand notations (x) = (t, x) = (t, x 1 , x 2 , x 3 ) for spacetime coordinates and φ ∂
with µ = t, 1, 2, 3. In and after Sec. II B, α, β, γ, . . . and a, b, c, . . . refer to spin and orbital indices, respectively, with no distinction between upper and lower indices for them. In contrast, i, j, k, . . . refer to general coordinate indices in curved space, which are lowered and raised by a metric g ij (x) and its inverse g ij (x). We partly follow standard notations in general relativity such as for the metric determinant denoted by g(x) ≡ det[g ij (x)], the Christoffel symbols by Γ
, and so on [19] . Last but not least, implicit sums of repeated indices over 1, 2, 3 are assumed throughout this paper.
in the spin-triplet (α = 1, 2, 3) and p-orbital (i = 1, 2, 3) channel acquires a nonzero vacuum expectation value. Here the spin index of the fermion bilinear is contracted by multiplying the outer Pauli matrix to make the order parameter matrix-valued and transform as ∆ i (x) → e 2iφ SR ij ∆ j (x)S † . In particular, the order parameter of the superfluid 3 He-B is provided by a constant ∆ i (x) = ∆ 0 σ i , which transforms as ∆ 0 σ i → ∆ 0 e 2iφ SL † σ i LS † with L being the SU(2) matrix related to the rotation matrix by L † σ i L = R ij σ j . Therefore, the spin and orbital degrees of freedom are locked by the pair condensation so that the symmetry group G is spontaneously broken down to SU(2) S+L .
Because such spontaneously broken symmetry transformation does not change the energy of the system, the ground state is continuously degenerate. The spacetime variation of the order parameter in the ground-state manifold thus describes gapless excitations, which is parametrized by
Here θ(x) and U (x) ∈ SU(2) are Nambu-Goldstone fields of the superfluid 3 He-B corresponding to the phase and spin-orbit collective modes, respectively, and transform as θ(x) → θ(x) + φ and U (x) → SU (x)L † . While the spin-orbit collective mode is usually represented by the rotation matrix [3] , we find the SU(2) representation rather advantageous in later constructing the low-energy effective field theory because of its close parallels to the chiral perturbation theory [20] .
B. Superfluid
3 He-B in curved space
We now wish to promote the above global symmetries to their local counterparts. The local U(1) φ and SU(2) S rotations act on the fermion field as
The microscopic action can be made invariant by coupling it with external U(1) and SU(2) gauge fields through the gauge covariant derivative
and imposing their gauge transformations of
so that D µ ψ(x) → e iφ(x) S(x)D µ ψ(x). On the other hand, in order to achieve the local SO(3) L invariance, we need to put the system in curved space with an external metric g ij (x) ≡ e 
and hence
for the spatial covariant derivative [19] . Accordingly, the microscopic action in curved space becomes
which, including the interaction term as shown later, enjoys the
Similarly, the order parameter of the superfluid 3 He-B in curved space becomes
which in the ground-state manifold is parametrized by the Nambu-Goldstone fields as
They transform under the gauge transformation as
with the same relationship
While the external gauge fields are introduced to grant the gauge invariance to the microscopic action, their physical meanings can be extracted from Eq. (9) . The temporal component of the U(1) φ gauge field is equivalent to the chemical potential including a spacetime-dependent trapping potential and that of the SU(2) S gauge field to the Zeeman energy with a spacetime-dependent magnetic field, both of which can be realized in the superfluid 3 He-B. The spatial component of the U(1) φ gauge field can also be produced in a rotating frame of reference [21] , while that of the SU(2) S gauge field bears no simple realization to our knowledge.
C. Nonrelativistic diffeomorphism
The microscopic action in curved space furthermore enjoys the nonrelativistic general coordinate invariance. Under an infinitesimal but spacetime-dependent shift of spatial coordinates
, the microscopic action remains invariant if the fields therein are transformed according to
withξ(x) ≡ ∂ t ξ(x) [15] . This is called the nonrelativistic general coordinate transformation, which is a local version of the spatial translation including the Galilean boost as a special case. Fields that transform as δs(
are referred to as scalars and vectors, respectively. Because the order parameter of the superfluid 3 He-B in curved space is merely a set of scalar fields, the Nambu-Goldstone fields transform likewise as
So far we have not specified the interaction term in curved space. It is required not only to be invariant under the gauge transformation and the general coordinate transformation but also to produce the interatomic potential of 3 He atoms in flat space, which we shall model by the Lennard-Jones potential V (r) = C 12 /r 12 + C 6 /r 6 . Each power-law potential can be realized by coupling the fermion field with an auxiliary massless field ϕ(x, X) living in n + 2 spatial dimensions as
where X I (I = 4, 5, . . . , n + 2) are coordinates in extra dimensions [22] . It proves to comply with the required invariance if the auxiliary field is transformed as a scalar. Also, by integrating out the auxiliary field with the help of its equation of motion in flat space, the power-law potential V n (r) = C n /r n is obtained for a coupling constant λ
1+n/2 |C n |/Γ(n/2). Therefore, the Lennard-Jones potential in flat space can be incorporated in the microscopic action by the interaction term of S int = S 12 + S 6 in a way compatible with the gauge invariance and the general coordinate invariance in curved space.
III. LOW-ENERGY EFFECTIVE ACTION

A. Preliminaries
Because fermions are fully gapped in the superfluid 3 He-B, its low-energy physics is governed by the NambuGoldstone bosons. By integrating out the fermion and auxiliary fields in curved space, we obtain the effective action written in terms of the Nambu-Goldstone fields, θ(x) and U (x), as well as the external fields, A µ (x), B µ (x), and e a i (x).
Crucially, it must be consistent with the gauge invariance and the general coordinate invariance of the microscopic action, which is our guiding principle in constructing the low-energy effective field theory.
In order to proceed, we need to introduce a spin connection according to
where σ i (x) ≡ e a i (x)σ a is a set of Pauli matrices in curved space to obey
with
ǫ ijk being the antisymmetric tensor [19] . Because σ i (x) transforms as
under the gauge transformation and as a vector under the general coordinate transformation, the spin connection proves to transform as
and as
so that it plays the role of SU(2) L gauge field. What is crucial to our later predictions is that the second term in Eq. (23), which is not constrained by the Galilean invariance alone, is uniquely fixed to make the temporal component of the spin connection transform canonically as in Eq. (27) under the general coordinate transformation [17] . The gauge fields can appear in the gauge invariant effective action either through gauge covariant derivatives of the Nambu-Goldstone fields,
or through their field strength tensors,
Here D µ θ(x) and F µν (x) are gauge invariant, while the others are gauge covariant and transform as
. On the other hand, under the general coordinate transformation, the gauge covariant derivatives transform as
While D i U (x) is a vector, D t θ(x) and D t U (x) are not scalars because of the last terms in their transformation laws. Such undesirable terms can be eliminated with the help of D i θ(x) by modifying the temporal covariant derivatives as
which now transform as genuine scalars and are actually equivalent to the material derivatives in fluid mechanics.
B. Power counting scheme
We are ready to construct the effective action with the building blocks introduced above. While there is an infinite number of terms allowed by the gauge invariance and the general coordinate invariance, they can be organized systematically according to a derivative expansion valid in the low-energy limit. Our power counting scheme is such that
are regarded as O(1), while
are regarded as small expansion parameters of O(p).
It is indeed possible and more comprehensive to treat
does not appear in the effective action without derivatives acting on it [15, 23] . We also assume A µ (x) ∼ ∂ µ θ(x) but B µ (x) as small as ∂ µ so that the gauge covariant derivatives bear definite power countings, which later means the Zeeman energy being small compared to the chemical potential. Accordingly, the gauge covariant derivatives and the field strength tensors are granted the power countings of
At each order in the derivative expansion, only a finite number of terms is allowed in the effective action. Here, in addition to the gauge invariance and the general coordinate invariance, the parity and time-reversal invariance of the microscopic action must be imposed as well on the effective action of the superfluid 3 He-B.
C. Construction and calibration
The effective action is a spacetime integral of the corresponding Lagrangian density,
which can be divided into a part involving only the phase collective mode and the rest involving the spin-orbit collective mode as well. The former part is actually identical to the effective action of spin-singlet s-orbital superfluids, which was already constructed up to the next-to-leading order in Ref. [15] . In particular, the leading-order Lagrangian density is O(1) and is expressed as
with f 0 [ * ] being an arbitrary function. Because no terms at O(p) comply with the required invariance, the nextto-leading order is O(p 2 ) where four distinct Lagrangian densities contribute to the effective action [15] . They are denoted by L
θ,1−4 (x) whose explicit expressions are provided by Eqs. (A1)-(A4) in Appendix. Similarly, the Lagrangian densities involving the spin-orbit collective mode do not contribute to the effective action at O(p), while five distinct contributions are found at O(p 2 ). In particular, only one of them involves the temporal covariant derivative of U (x) and is expressed as
with g 0 [ * ] being an arbitrary function. The other four Lagrangian densities denoted by L
U,1−4 (x), in contrast, involve the spatial covariant derivative of U (x) and their explicit expressions are provided by Eqs. (A6)-(A9) in Appendix. Accordingly, the most general Lagrangian density up to the next-to-leading order in the derivative expansion proves to be
where next-to-next-to-leading-order corrections are as small as O(p 4 ).
1
The obtained effective action of the superfluid 3 He-B depends on the ten unknown functions of f 0−4 [ * ] and g 0−4 [ * ]. While they cannot be constrained further from our perspective of low-energy effective field theory, two of them can be related to common thermodynamic quantities. To this end, we temporarily consider the uniform ground state in flat space where the Nambu-Goldstone fields are constant and the spatial components of the external gauge fields are turned off. Their temporal components set to be constant are equivalent to the chemical potential A t = µ and the Zeeman energy B t = (γ/2)σ · H as already discussed. Therefore, the Lagrangian density is reduced to
where H is an applied magnetic field and γ ≈ −2.04 × 10 8 /(s T) is the gyromagnetic ratio of 3 He nucleus [24] . Because the Lagrangian density differentiated with respect to µ and H produces the particle number density and the magnetization, respectively, it must be identical to the pressure of the superfluid 3 He-B at zero temperature [15] . In particular,
is the magnetic susceptibility as functions of the chemical potential at zero magnetic field. The other functions, however, remain unidentified and thus we shall carefully extract universal predictions that are independent of them. By construction, our effective action and hence predictions are valid at a sufficiently low-energy and long-wavelength regime compared to the superfluid gap energy and coherence length, respectively.
IV. GYROMAGNETIC AND HALL RESPONSES A. Continuity equations
We arrive at the stage of investigating physical consequences of our low-energy effective field theory. When the effective action is invariant under an infinitesimal transformation of the fields therein by δθ(x), δU (x), δA µ (x), δB µ (x), and δe a i (x), we obtain the identity:
where δS eff /δθ(x) and δS eff /δU (x) are eliminated with the help of the equations of motion for the Nambu-Goldstone fields and the SU(2) S gauge field is decomposed as B µ (x) ≡ B α µ (x)σ α . This identity applied to the gauge transformation and the general coordinate transformation immediately leads to the continuity equations in curved space.
First of all, the U(1) φ gauge invariance with Eq. (6) leads to the mass continuity equation:
where
is introduced and
are the mass density and its flux. Similarly, the SU(2) S gauge invariance with Eq. (7) leads to the spin continuity equation:
1 We note that
multiplied by arbitrary functions ofDtθ(x) are O(p) consistent with the gauge invariance and the general coordinate invariance but are incompatible with the time-reversal invariance and the parity invariance, respectively. In general, by inspecting transformation laws of each building block, one can show that Lagrangian densities bearing odd powers of p are odd either in parity inversion or in time reversal and thus do not appear in our effective action.
are the spin density and its flux. On the other hand, the SO(3) L gauge invariance with Eq. (8) leads to the constraint, ε ijk (x)T jk (x) = 0, imposing the vanishing antisymmetric part on the stress tensor defined by
Finally, the general coordinate invariance with Eqs. (15)- (19) leads to the momentum continuity equation:
where the momentum density proves to be identical to the mass flux and the SU(2) S field strength tensor is decomposed as
B. Current and orbital angular momentum
While the continuity equations themselves are rather common, the form of the momentum density therein reflects intriguing physics of the superfluid 3 He-B. In terms of the mass and spin densities introduced above as well as the mass and spin superfluid velocities defined by
, the momentum density is expressed as
where O(f 2−3 ) indicates contributions depending on the unknown functions with their explicit expressions being suppressed. Of particular interest is the term including
which can be identified as an orbital angular momentum density because it, assumed to vanish at infinity, contributes to the orbital angular momentum in flat space as dx ǫ ijk x j j k (x) = dx ℓ i (x) + · · · . 2 Therefore, the circulating mass flow is generated by the spatial variation of the orbital angular momentum density, which is an analog of the Mermin-Muzikar current in the superfluid 3 He-A [25] [26] [27] . While the magnitude of the orbital angular momentum density contributing to the momentum density had been controversial between the calculations in Refs. [28] [29] [30] versus Refs. [31] [32] [33] [34] [35] and remains unresolved experimentally [36] [37] [38] , our expression in Eq. (59) reliable in the long-wavelength limit proves to be consistent with the result of Refs. [28] [29] [30] .
The rotation matrix R αβ (x) appearing in Eq. (60) is related to the Nambu-Goldstone field by
, which locks the orbital angular momentum density with respect to the spin density. The latter expression can be expanded as
is the local magnetic susceptibility and the temporal component of the spin connection is decomposed as
We then parametrize the external gauge fields according to
is an applied magnetic field and Ω i (x) is an angular velocity vector of the rotating frame. Therefore, we find the Barnett effect where the magnetization is generated by the rotation,
as well as the Einstein-de Haas effect where the orbital angular momentum density is generated by the magnetic field,
These gyromagnetic responses are consequences of the spin-orbit locking in the superfluid 3 He-B [18] , which have been long known but are reproduced here in a model-independent and nonperturbative way. In particular, by taking −χ 0 /(γµ 0 ) ≈ 4 × 10 −11 Pa s/T for χ 0 ≈ 10 −8 as an example [24] , the magnitude of an orbital angular momentum density induced by a magnetic field of 0.1 tesla is estimated at ℓ ≈ 4 × 10 −12 Pa s.
C. Stress tensor and Hall viscosity
The intriguing physics of the superfluid 3 He-B is furthermore reflected in the stress tensor, which is evaluated as
where P (x) ≡ L eff (x) is the local pressure and
is the strain rate tensor. In particular, the viscosity tensor is found to be
which is the so-called Hall viscosity and is dissipationless because of η ijkl (x) = −η klij (x) [39] [40] [41] . While the Hall viscosity tensor in three dimensions generally bears fifteen independent coefficients [40] , only three of them that constitute a vector under rotation prove to be nonzero and uniquely fixed by the orbital angular momentum density. It should be remarked that the obtained succinct formula for the Hall viscosity tensor is closely parallel to that of the chiral superfluid in two dimensions [17, 42, 43] .
All the above predictions are expressed in the most general forms in curved space. They can be readily reduced to the physically relevant ones in flat space by simply setting e a i (x) = δ a i and hence g ij (x) = δ ij , ε ijk (x) = ǫ ijk , and ∇ µ = ∂ µ . Furthermore, the ground state is achieved by setting the Nambu-Goldstone fields constant and turning off the spatial components of the external gauge fields so that the mass and spin superfluid velocities vanish. The remaining external parameters are then the applied magnetic field and the local chemical potential A t (x) = µ(x) including a trapping potential.
Finally, in order to investigate an experimental implication resulting from the Hall viscosity, let us consider a uniform state with mass density ρ 0 subject to a constant magnetic field, which induces an orbital angular momentum density ℓ in a direction fixed spontaneously.
3 Then, by weakly perturbing the system out of the ground state, a small modulation of the mass density, ρ ′ (x) ≡ ρ(x) − ρ 0 , can be produced. Its propagation as a sound wave in the superfluid 3 He-B is described by linearized hydrodynamic equations reduced from Eqs. (51) and (58) with Eq. (65):
where c 2 0 ≡ ∂P/∂ρ| ρ=ρ0 is the speed of sound. They are straightforward to solve up to the linear order in ℓ by substituting ρ ′ (x) =ρ ′ e ik·x−iωt and j(x) =je ik·x−iωt . In particular, longitudinal and transverse components of the momentum density are found to bej L = (ω/k)ρ ′k and
3 However, when a tiny magnetic anisotropy ∼ −χ 2 0 (n · H) 2 in the energy density resulting from the dipolar coupling is taken into consideration [3] , the rotation axisn associated with R αβ is oriented along H so that ℓ H is energetically favored. respectively, with ω 2 = (c 0 k) 2 . While the dispersion relation is not modified, the sound wave proves to exhibit an elliptical polarization by acquiring the transverse component perpendicular to the orbital angular momentum density [44, 45] . This is because the transverse force acting on the fluid emerges from the longitudinal velocity modulation through the Hall viscosity. The transverse to longitudinal amplitude ratio is maximal for k ⊥ ℓ and is estimated atj T /j L ≈ 2 × 10 −13 by taking ω ≈ 1 MHz, ρ 0 ≈ 100 kg/m 3 , and c 0 ≈ 300 m/s as an example [24] .
V. SUMMARY AND CONCLUSION
In summary, we established the effective field theory governing the low-energy physics of a superfluid 3 He-B at zero temperature. To this end, we first showed that its microscopic action, slightly idealized by neglecting the dipolar coupling and employing the interatomic potential of the Lennard-Jones type, enjoys the U(1) φ × SU(2) S × SO(3) L gauge invariance and the nonrelativistic general coordinate invariance when it is coupled with the external gauge fields and metric. These symmetry constraints were then exploited to construct the most general effective action written in terms of the Nambu-Goldstone fields up to the next-to-leading order in our power counting scheme. The obtained effective action proved to include a crucial contribution involving the magnetic susceptibility [Eq. (47)], from which the following predictions can be extracted: By applying a small magnetic field, the orbital angular momentum density is generated according to the Einstein-de Haas effect [Eq. (64)], which manifests itself uniquely as the circulating mass flow [Eq. (59)] and as the dissipationless Hall viscosity [Eq. (66)] in the stress tensor. While the gyromagnetic responses have been long known and can be understood intuitively by the spin-orbit locking in the superfluid 3 He-B [18] , our predictions resulting from the symmetries alone are model-independent, nonperturbative, and hence quantitatively reliable.
In particular, the novel Hall viscosity is the physical quantity that has recently attracted significant interest partly because of its topological nature and universality [41] . While many theoretical studies have been devoted to the Hall viscosity in two dimensions, little attention has been paid to its closely parallel counterpart in three dimensions. Here we found that the Hall viscosity of the superfluid 3 He-B, which is controllable with the applied magnetic field through the Einstein-de Haas effect, polarizes sound wave elliptically by inducing its transverse component in a direction perpendicular to the orbital angular momentum density [Eq. (69)]. Although the resulting transverse to longitudinal amplitude ratio was estimated to be small, our findings for the superfluid 3 He-B may promote new efforts toward experimental measurements of the Hall viscosity, which to our knowledge have not been achieved so far in any systems.
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Appendix A: Next-to-leading-order Lagrangian densities Our notation in this paper differs from that in Ref. [15] by minus signs in defining θ(x) and A µ (x). Accordingly, the Lagrangian densities at O(p 2 ) involving only the phase collective mode adapted for our notation become
, not to be confused with the rotation matrix in the main text, is the Ricci tensor and f 1−4 [ * ] are arbitrary functions [15] . On the other hand, the Lagrangian densities at O(p 2 ) involving the spin-orbit collective mode are new in this paper and are found to be We note that other possible candidates, if exist, are not independent of the above Lagrangian densities. For example,
multiplied by an arbitrary function ofD t θ(x) complies with the required invariance but can be expressed in terms of Eqs. (A7)-(A9). Similarly,
multiplied by an arbitrary function ofD t θ(x) complies with the required invariance but can be expressed in terms of Eqs. (A6), (A7), and (A4) with the help of
and ε ijk (x)tr[σ i (x)H jk (x)] = −g ij (x)R ij (x). We also note that
multiplied by arbitrary functions ofD t θ(x) are O(p 2 ) consistent with the gauge invariance and the general coordinate invariance but are incompatible with both the parity and time-reversal invariance. 
